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Abstract

In the paper we deal with Toeplitz operators acting on the Bergman space
A2%(B") of square integrable analytic functions on the unit ball B” in C*. A
bounded linear operator acting on the space .A2?(B") is called radial if it com-
mutes with unitary changes of variables. Zhou, Chen, and Dong [9] showed that
every radial operator S is diagonal with respect to the standard orthonormal
monomial basis (€4 )aenn. Extending their result we prove that the correspond-
ing eigenvalues depend only on the length of multi-index «, i.e. there exists a
bounded sequence (\);2 of complex numbers such that Se, = Ajq|€a-
Toeplitz operator is known to be radial if and only if its generating symbol
g is a radial function, i.e., there exists a function a, defined on [0, 1], such that
g(z) = a(|z]) for almost all z € B"”. In this case Tyeq = Yn,a(|t|])eq, where the

eigenvalue sequence (vma(/{)):io is given by

1 1
Yn,a(k) = 2(k +n) / a(r)r?kt2n=tar = (k + n)/ a(v/r)rFrrLldr,
0 0
Denote by T',, the set {vn.q: @ € L*([0,1])}. By a result of Sudrez [8], the C*-
algebra generated by I'; coincides with the closure of I'; in £°° and is equal to
the closure of dy in £°°, where d; consists of all bounded sequences z = (z1)72,
such that
sup ((k +1) [zp41 — a?k\) < +o0.
k>0
We show that the C*-algebra generated by I';, does not actually depend on n,
and coincides with the set of all bounded sequences (z1)72, that are slowly
oscillating in the following sense: |z; — x| tends to 0 uniformly as % — 1
or, in other words, the function z: {0,1,2,...} — C is uniformly continuous
with respect to the distance p(j,k) = |In(j + 1) — In(k + 1)|. At the same
time we give an example of a complex-valued function a € L'([0, 1], 7 dr) such
that its eigenvalue sequence 7y, o is bounded but is not slowly oscillating in the
indicated sense. This, in particular, implies that a bounded Toeplitz operator
having unbounded defining symbol does not necessarily belong to the C*-algebra
generated by Toeplitz operators with bounded defining symbols.

AMS (MOS) subject classification: Primary 47B35; Secondary 32A36, 44A60.

Keywords. Radial Toeplitz operator, Bergman space, unit ball, slowly oscillating
sequence.



1 Introduction and main results

Bergman space on the unit ball

We shall use some notation and well-known facts from Rudin [3] and Zhu [10].
Denote by (-,-) the usual inner product in C": (z,w) = 377, zjw;. Let |- | be
the Euclidean norm in C™ induced by this inner product, and let B" be the unit
ball in C". Denote by dv the Lebesgue measure on C* = R?" normalized so that
v(B") = 1, and denote by do the surface measure on the unit sphere S?"~! = 9B"
normalized so that o(S?*1) = 1. Let N = {0,1,2,...}. Given a multi-index o € N"
and a vector z € C", we understand the symbols |a|, a! and 2z in the usual sense:

n n n
— . _ . a _ Qg
la| = g aj, a!fHa]!, z *sz )

Consider the Bergman space A?> = A%(B",v) of all square integrable analytic func-
tions on B"™. Denote by (€4)aecn» the standard orthonormal monomial basis in A2

(n + |a]!)
@B =V T
The reproducing kernel K of the space A? at a point z € B satisfies (f, K.) = f(z)
for all f € A2, and is given by the following formula:

S 1
K.(w) = ) ea(2) ea = A= (w2
aeN?
The Berezin transform of a bounded linear operator S: A?> — A2 is a function
B"™ — C defined by

(B(S))(=) = W = (1 - | P)USK,, K.

It is well known that the Berezin transform B is injective: if B(S) is identically zero,
then S = 0. A proof of this fact for the one-dimensional case is given by Stroethoff
(7).
Given a function g € L'(B"), the Toeplitz operator T, y is defined on a dense
subset of A2 by
(Ty(f)(2) := : K. gf dv.
If g € L*>(B"™), then T} is bounded and ||Tg| < ||glco-

Radial operators on the unit ball

Following Zhou, Chen and Dong [9] we recall the concept of a radial function on B™
and of a radial operator acting on A%. The radialization of a measurable function
f:B™ — C is given by

rad(f)(z) := y f(Uz)dH(U),
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where dH is the normalized Haar measure on the compact group U,, consisting of
the unitary matrices of order n.
A function f: B"™ — C is called radial if rad(f) coincides with f almost every-
where. For a continuous function f this means that f(z) = f(|z|) for all z € B™.
Given a unitary matrix U € U, denote by Wy the corresponding “change of a
variable operator” acting on A?:

(Y f)(2) = f(U"2).

Here U* is the conjugated transpose of U. Note that W is a unitary operator on
the space A2, its inverse is Wy«, and the formula Uy, = Yy, ¥y, holds for all
Ui,Uz € Uy,

Given a bounded linear operator S: A? — A?| its radialization Rad(S) is defined
by

Rad(S) = / Wy STy dH (D).
where the integration is understood in the weak sense.

A bounded linear operator S is called radial if SUy = ¥y S for all U € U, or,
equivalently, if Rad(S) = S.

Zhou, Chen, and Dong [9] proved that the Berezin transform “commutes with
the radialization” in the following sense: for every bounded linear operator S acting
in A2

B(Rad(S)) = rad B(S).
It follows that S is radial if and only if B(S) is radial. In the one-dimensional case
(i.e., for n = 1) these facts were proved by Zorboska [11].

For each @ € N™ we denote by P, the orthogonal projection onto the one-
dimensional space generated by eg:

Py (z) := (z,eq) €q.

Given a bounded sequence A = (\,)7°_ of complex numbers, denote by Ry the
following operator (radial operator with eigenvalue sequence \):

Byi= > AaPa
aeNn?

where the convergence of the series is understood in the strong operator topology.
The Berezin transform of R) was computed in [1, 9]:

= 2(m +n)!

— 2\n+1 2m
(BU)E) = 0 4 52 S (11)
Since the function B(R)) is radial, the operator R) is radial.

Theorem 1.1. Let S be a bounded linear radial operator in A?. Then there exists
a bounded complex sequence A such that S = R).



Zhou, Chen, and Dong [9] proved one part of this theorem, namely, that S is
diagonal with respect to the monomial basis. In Section 2 we prove the remaining
part: the eigenvalues of S depend only on the length of the multi-index.

Radial Toeplitz operators on the unit ball

Zhou, Chen, and Dong [9] proved that a Toeplitz operator T} is radial if and only
if its generating symbol g is radial, i.e., if there exists a function a defined on [0, 1]
such that g(z) = a(|z|) for almost all z € B". Then T, is diagonal with respect
to the orthonormal monomial basis, and the corresponding eigenvalues depend only
on the length of multi-indices. Denote the eigenvalue sequence of such operator by
Tn,a-

Tyea = Yn,a(la])eq-

An explicit expression of the eigenvalues vy, o(m) in terms of @ was found by Grudsky,
Karapetyants and Vasilevski [1] (see also [9]):

1
Yn,a(m) = (m + n)/o a(\/r) =l gy (1.2)

or, changing a variable,

1
Tna(k) =2(m + n)/o a(r) p2mt2n=1 gy (1.3)

Denote by I'),(L>°(]0, 1])), or I',, in short, the set of all these eigenvalue sequences,
which are generated by the radial Toeplitz operators with bounded generating func-
tions:

Ly =T, (L([0,1])) = {na: a€ L([0,1])}. (1.4)
Define 71 , and I'; by (1.3) and (1.4) with n = 1:

1
T,a(k) = 2(k + 1)/0 a(r) P2k dp (1.5)

[y =T (L°([0,1])) = {71,0: a € L>([0,1])}. (1.6)

Denote by di(N) the set of all bounded sequences x = (z;) jen satisfying the condi-
tion
sup((k+ 1)(Az); ) < +o0,
keN
where (Az), = xp41 — Tk
Then the C*-algebra generated by radial Toeplitz operators with bounded gen-
erated symbols is isometrically isomorphic to the C*-algebra generated by I',.

Theorem 1.2 (Suérez [8]). The C*-algebra generated by I'y coincides with the topo-
logical closure of T'y in £>°(N), being the topological closure of di(N) in ¢*°(N).



Slowly oscillating sequences

Denote by SO(N) the set of all bounded sequences that slowly oscillate in the sense
of Schmidt [5] (see also Landau [2] and Stanojevi¢ and Stanojevié [6]):

SO(N) := {a; el lim |z; —ap| = O}.
%Hl

In other words, SO(N) consists of all bounded functions N — C that are uniformly
continuous with respect to the “logarithmic metric” p(j, k) := |In(j+1) —In(k+1)|.
In Section 3 we give some properties and equivalent definitions of the C*-algebra
SO(N).

In Section 4 we prove that the C*-algebra generated by I',, does not actually
depend on n. Applying Theorem 1.2 and some standard approximation techniques
(de la Vallée-Poussin means) we obtain the main result of the paper.

Theorem 1.3. For each n the C*-algebra generated by I'y, coincides with the topo-
logical closure of T'y, in £%° and is equal to SO(N).

As shown by Grudsky, Karapetyants and Vasilevski [1], if a € L([0, 1], 7" Ldr)
and the sequence 7, , is bounded, then v, ,(m + 1) — v, o(m) — 0. At the same
time, in this situation v, , does not necessarily belong to SO(N). The next result is
proved in Section 5.

Theorem 1.4. There exists a function a € L*([0,1],rdr) such that v, q € (*°(N) \
SO(N).

That is, a bounded Toeplitz operator having unbounded defining symbol does not
necessarily belong to the C*-algebra generated by Toeplitz operators with bounded
defining symbols.

2 Diagonalization of radial operators in the monomial
basis

Lemma 2.1 (Zhou, Chen, and Dong [9]). Let S: A?> — A? be a bounded radial
operator and o be a multi-index. Then eq is an eigenfunction of S, i.e., (Seq, ez) =0
for every multi-index B different from «.

Proof. For a reader convenience we give here a proof, slightly different from [9].
Choose an index j € {1,...,n} such that a; # f; and a complex number ¢ such
that |t| = 1 and t% # t%. For example, put

t=¢ where o= S —
| = Bjl

Denote by U the diagonal matrix with (j,7)st entry equal to t~! and all other
diagonal entries equal to 1:

U=diag(1,...,1, % .1,...,1).

jst position
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Then U is a unitary matrix, Yye, = t%e,, and
% (Seq, e5) = (SUpeq, eg) = (UySeq, eg) = (Seq, Upreg) =t (Seq, e5).
Since t% = 95 it follows that (Seq,eg) = 0. O
Lemma 2.2 (Berezin transform of basic projections). Let o € N and z € B. Then
B(Pa)(2) = (1= |21*)" qa(2),
where qo: B — C is the square of the absolute value of e :

(n+ |Oé’) | a’2

alz) = lea(2)? =

Proof. We calculate P, K, for an arbitrary z € B:

P,K,=P, Z eg(z)eg | = ea(2)eq.
BeENT

The reproducing property of K, implies that (eq, K,) = eq(z). Therefore

1
K.(z)

= (1= 2" eal(2)*. O

B(P)(z) = (P, K) = (1 — |Z|2)n+l<mea>[(2>

Lemma 2.3. For each m € N, the function z — |2|*™ is i times the arithmetic
mean of the functions q, with |a] =m

’Z‘Qm — m'n')‘ Z qa(z) — n m! (n — 1)') Z qa(z)'

(m +n)! m+n (m+n—1)!

lor|=m |o|=m

Proof. Apply the multinomial theorem and the definition of g,:

n

s ($op) rzﬁ%
al

J=1 la|=m
m! 9 m!n!
= > =P > talz =
a! (m+n) '
lo]=m lo|=m

Lemma 2.4. Let o € N*. Then for all z € B,

n+ |« a
rad(ga)(z) = A |z]2‘ I



Proof. Express the integration over I, through the integration over S?"~!:

rad(@o)(2) = [ "SR amw) = "SR el [ e aoo),

The value of the latter integral is well known (e.g., see [3, Proposition 1.4.9]):

22 dg () = M n
/SQn—1 |C | (g) (TL -1+ |Oé|)'

Lemma 2.5 (radialization of basic projections). Let o € N™. Then the radialization
of P, is the arithmetic mean of all Pg with |5| = |c|:

(n=Dalt
Rad(P,) = Tt > P (2.1)
(51

Proof. We shall prove that both sides of (2.1) have the same Berezin transform, then
(2.1) will follow from the injectivity of the Berezin transform. We use the fact the
Berezin transform “commutes with the radialization” [9], and apply then Lemmas
2.2 and 2.4:

B(Rad(Pa))(2) = rad(B(Pa))(2) = (1 |2[*)"" rad(¢a) ()

n+ ’Oé’ |Z‘2\o¢|(1 _ |Z|2)n+1‘
n

On the other hand, by Lemmas 2.4 and 2.3,

(= 1lal Ly = Dllal .
(n—1+ |a])! lelg = (1= F) (n—1+\a|)|ﬂ;lq’5()

_ n+ |Ck’ |Z|2|a| (1 _ |Z|2)n+1‘ ]
n

Lemma 2.6 (radialization of a diagonal operator). Let (cq)acnn be a bounded family
of complex numbers. Consider the operator S: A> — A2 given by

S = Z ca Py

acNn?
Then
> m!(n—1)!
Rad(S) = ) (m+n_1, s > P,
m=0 |Bl=m la|=m

Proof. Follows from Lemma 2.5 and the fact that the sum of a converging serie of
mutually orthogonal vectors does not depend on the order of summands. O



Proof of Theorem 1.1. Let S be a bounded linear radial operator in .A%2. By Lemma

2.1,
S = Z CcalPy.

aeN"

Since Rad(S) = S, it follows from Lemma 2.6 that the coefficients ¢, depend only
on |a|. Defining A, equal to ¢, for some a with |o| = m, we obtain

[ee]
S=Y An| > Pu| =R O

m=0 ‘al:m

3 Slowly oscillating sequences
Definition 3.1 (logarithmic metric on N). Define p: N x N — [0, 4+00) by
p(j,k) == |In(j + 1) — In(k + 1)|.

The function p is a metric on N because it is obtained from the usual metric
d: RxR — [0,+00), d(t,u) := |[t—u], via the injective function N — R, j — In(j+1).

Definition 3.2 (modulus of continuity of a sequence with respect to the logarithmic
metric). Given a complex sequence z = () en, define w, . : [0, +00) — [0, 400] by

Wpz(0) == sup{|z; — x| j,k €N, p(j, k) <6}

Definition 3.3 (slowly oscillating sequences). Denote by SO(N) the set of the
bounded sequences that are uniformly continuous with respect to the logarithmic
metric:

SO(N) = {X € £*(N): 51_i>r(r)1+ wpA(6) =0}.

Note that the class SO(N) plays an important role in Tauberian theory, see
Landau [2], Schmidt [5, § 9], Stanojevi¢ and Stanojevi¢ [6].

For every sequence z the function w,;: [0, +00) — [0, +00] is increasing (in the
non-strict sense). Therefore the condition limg g+ wy(d) = 0 is equivalent to the
following one: for all € > 0 there exists a § > 0 such that w, »(d) < €.

The same class SO(N) can be defined using another special metric p; on N:

Definition 3.4. Define p;: N x N — [0, +00) by

. j — k| min(j + 1,k + 1)
p1(d, k) = : =1- : :
max(j + 1,k +1) max(j + 1,k +1)

Proposition 3.5. p; is a metric on N.

Proof. Clearly p; is non-negative, symmetric, and p1(j,k) = 0 only if j = k. We
have to prove that for all j, k,p € N

p1(3:p) + p1(p, k) = p1(4, k) = 0. (3.1)



Denote the left-hand side of (3.1) by A(j, k,p). Since A(j, k,p) is symmetric with
respect to 7 and k, assume without loss of generality that j < k. If j < p <k, then

. j+1 p+1 j+1
A =(1-2= 11— ") —(1-Z—=
(7, k. ) < p+1>+< k+1) ( kE+1

_p=j _p=g_-5k-p _,
Tp+1 k+1 (k+1D)(p+1) T

If j <k < p, then
P—k)(+k+2)

A(j, k,p) = > 0.
AP = D+ )
If p<j <k, then
: U-—p)+Ek+2)
A(j, k,p) = , > 0. O
Ukp) ="y =
Proposition 3.6 (relations between p and p;).
1. Forall j,k €N,
2. For all j,k € N satisfying p1(j, k) < %,
Proof. Since the functions p and p; are symmetric and vanish on the diagonal
(p(4,7) = p1(4,7) = 0), consider only the case j < k. Denote ];_% — 1 by t, then
(. k) = In(1 + ¢) Goky=1-+ = *
= 1n = _—_— = —,
P\, ) P17, 1+1¢ 14+1¢

Define f: (0, +00) — (0, 4+00) by

1
F(t) == ;1(1—1—175)
oIt
Then
f’(t) _ t_lnt(;""t) >0,

and thus f is strictly increasing on (0,+00). Since lim; o+ f(t) = 1 and f(1) =
2In(2), we see that f(¢t) > 1 for all ¢ > 0 and f(t) < 2In(2) for all ¢ € (0,1].
Substituting ¢ by 453 — 1 we obtain (3.2) and (3.3), O
Corollary 3.7. The set SO(N) can be defined using the metric p; instead of p:

SO(N) = s A € I*°(N): lim su A — x| =0¢.
M) = {ree=m:  fim sup 3= =0}

Let us mention some simple properties of SO(N).
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Proposition 3.8. SO(N) is a closed subalgebra of the C*-algebra ¢>°(N).

Proof. 1t is a general fact that the set of the uniformly continuous functions on some
metric space M is a closed subalgebra of the C*-algebra of the bounded continuous
functions on M. In our case M = (N, p). Since

Wp,f+g S Wp,f +Wpg, Worf = [Alwp,f,
wp,rg < W rllglloo + wpgll flloos WoF =W, e

the set SO(N) is closed with respect to the algebraic operations. The topological
closeness of SO(N) in ¢*°(N) follows from the inequality

wp,£(0) < 2[f = glloo + wp,g(9). m

Proposition 3.9 (comparison of SO(N) to ¢(N)). The set of the converging se-
quences ¢(N) is a proper subset of SO(N).

Proof. 1. Denote by N := N U {oo} the one-point compactification (Alexandroff
compactification) of N. The topology on N can be induced by the metric
j k’

d<(7,k) = |— — ——
w(J: k) ‘j+1 k+1

If o € ¢(N), then o is uniformly continuous with respect to the metric dg, but dy is
less or equal than p:

-k L i

WOR) = G Dm+D S ma Lk r ) UR) S 20 R).

2. The sequence x = (z;);jen with 2; = cos(In(j+1)) does not converge but belongs
to SO(N) since

|zj — @p| = |cos(In(j + 1)) — cos(In(k + 1))| < [In(j + 1) — In(k + 1)| = p(j, k). O

We define now the left and right shifts of a sequence. Given a complex sequence
x = (x;)jen, define the sequences 77, (z) and Tr(x) as follows:

() = (21, 2, T3, . . .), Tr(x) := (0,20, 21,...).
More formally,

(@) (@i=1" 17
TL(Z)j = Xj+13 TR(Z); = ]
Tj-1, J € {1,2,3,...}.
Note that 7 (7r(x)) = x for every sequence z.
Both 77, and 7 are bounded linear operators on ¢*°(N). In the following two
propositions we show that SO(N) is an invariant subspace of each one of these
operators.
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Proposition 3.10. For every x € SO(N), 71(z) € SO(N).

Proof. The image of 77,(x) is a subset of the image of z, therefore |77 (x)| < |||
If6>0,j,keN, j<kand p(j,k) <4, then

k+2 k+1 1 1

j+2  j+1 Jj+1
cm™ Gk <6
It follows that w, ;; 2)(0) < wy2(0) and lim w, -, () (d) = 0. O

6—0t

Proposition 3.11. For every x € SO(N), 7r(z) € SO(N).
Proof. The sequences x and T7g(x) have the same image up to one element zero:
{rr(z);: j e N} ={a;: j e N}U{0}.

Therefore || Tr(2)||coc = ||| co-

2. Let 6 € (0,%), j,k €N, j <kand p(j,k) <4. Then j > 1, k > 2, and

k—j _k+1 (k+1)—(+1) _3

i—1,k—1)= < —p1(4, k).
p1(j —1, )= k F 1 < 5m: k)
Applying Proposition 3.6 we see that
3 3 1
— 1 k-1 < =p(j,k)==-0<=

and
PG =1 k—1)<2(2)p(j — 1,k —1) < 2In(2) g 5 = 3In(2)9.
Thus for every § € (O, %),
wp,TR(:v)((s) S wp,x(B ln(2)5)

Therefore lim w, 1. ((d) = 0. O

6—07t
4 T, is a dense subset of SO(N)

First we prove that I',, is contained in SO(N).

Proposition 4.1. Let a € L*([0,1]). Then v, € SO(N). More precisely,

[Yn.alloo < llallo, (4.1)
and for all j, k € N,

|’Yn,a(j) - 'Yma(k)‘ < 2Ha||oop(j’ k) (4'2)

12



Proof. The inequality (4.1) follows directly from (1.3):

1
[Yn,a(9)] < 2(n +j)/ 2 al|oo dr = a0
0
The proof of (4.2) is based on an idea communicated to us by K. M. Esmeral Garcia.
Since both sides of (4.2) are symmetric with respect to the indices j and k, without

loss of generality we consider the case j < k. First factorize a(r) and bound it by
laloo:

1
"Vn,a(j) - ’Yn,a(k)‘ = ’/ ((n ‘|‘j)7"2n+2j_1 —(n+ k)r2”+2k_1)a(r) dr (4.3)
0
1
S ||a||oo/ ‘(Tl/ +j)7"2n+2j_1 o (Tl + k)r2n+2k—1} dr. (44)
0
Denote by r( the unique solution of the equation (n+j)r2"+2=1 —(n4k)r2n+2k—1 =

on the interval (0,1):
_(nti\TD
Py '

The function r + (n + j)r?"+t2=1 — (n 4 k)r2"+2=1 takes positive values on the
interval (0, rg) and negative values on the interval (g, 1). Dividing the integral (4.4)
on two parts by the point rg, we obtain:

.0 () = ma(R)] < 2lalloo (76" = 75"2) = 2alloorg™ pr (i, k).
Since ro < 1 and pi1(j, k) < p(4, k), the inequality (4.2) follows. O

Definition 4.2. Denote by d;(N) the set of the bounded sequences x such that

sup((j + D1 = 25]) < +oo.
jEN

Proposition 4.3. di(N) is a proper subset of SO(N).

Proof. 1. Let x € di(N) and
M = sup((j +1)|zjp1 — x]\)
JjEN

Then for all j,k € N with j < k we have

k—1 e 1
|xk_xj’§qz:;|xq+l_xq‘§M;q+lS2Mq§jq+2

k—1 k-1
=2M > pi(q.q+1) <2M Y plg,q+1) = 2Mp(j, k).
q=J q=J

Therefore d;(N) is contained in SO(N).
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2. Consider the sequence

m[logy(j +2)]

x; 1= sin = .
logy(j +2)

For every j and k with k > j,

mllogy(k +2)]  m|logy(j +2)]

|73 — fL‘j| > -
logy (k + 2) log, (7 + 2)
_ wlogy(k+2)  mlloga(j+2) ~ 1)
logy (k + 2) logs (7 + 2)

™
=7 (/logy(k +2) — \/1ogy(j + 2) ) + ————
(Viogalk+2) = Viorli ) + =
k+2
Jj+2 ™

- V90gy (k +2) + \/logy (5 + 2) i \/logQ(j+2)'

7 logs

Thus 2 € SO(N). On the other hand, if j = 25 — 3, then

sin —ﬂ(kZ_l) = |sin | k7 — (k1)
loga 2 —1) )| T Vem@R -1

Appying the inequality |sin(t)| > %, which holds for all ¢ with [t| < §, we obtain:

|41 — x5 = |z =

]xj+1—xj]22<k— (k2_1) )ZQ(k—\/k2—1)Z

logy(2F* — 1)

Therefore z ¢ dp (N). O

Lemma 4.4. Let x € {*°(N) and § € (0,1). Denote by y the sequence of the de la
Vallée-Poussin means of x:

1 J+15d]
Y; = m kz: L. (4.5)
=j
Then y € di(N) and
|y — 2o Swp,x(é)' (4.6)

Proof. Note that for all j € N, the sum in the right-hand side of (4.5) contains
1+ |jé] terms. Therefore

J+150]

< 5 7 2 lelle = el

14



For j € N, let us estimate the difference |y;11 — y;|:

1 J+1(G+1)8] 1 J+159]
1=y = |l—— Tp — ———— x
, . +L(+1)8
G+ 1)) — [jo) TR |24+
|z5| +

k

l#lloo(Li0) + 1) ll2lloo

T+ +[g6])  (G+1)8
2o
(j+1)8

STFGF 90+

Thus y € d1(N). Let us prove (4.6). If j <k < j+ [jo], then

k+1 k
k) =1 <In- <In(l1+49) <46
Therefore
1 J+15é]
vy =2l < T 2 el < wpa(d)

k=j

Proposition 4.5. d;(N) is a dense subset of SO(N).

1+ [(7+1)d]

Proof. Let ¢ > 0. Using the fact that w,.(6) = 0 as § — 0, choose a § > 0 such
that w, ;(d) < e. Define y by (4.5). Then y € di(N) and ||z — y||« < € by Lemma

4.4.

Theorem 1.3 follows from Proposition 4.5 and Theorem 1.2:

Proposition 4.6. T'y is a dense subset of SO(N).

O

Proof. Proposition 4.1 implies that I'; is contained in SO(N). Let z € SO(N) and

e > 0. Applying Proposition 4.5 find a sequence y € d;(N) such that

9
Iy = #loc < .

Using Theorem 1.2 we find a function a € L*°([0, 1]) such that |[y1,4 — yllcc <

Then
17,0 = Zlloo < 71,0 = Ylloo + Iy — 2l < e

Lemma 4.7. Let a € L=([0,1]). Then Yo =77 '(1,0)-

Proof. Follows directly from the definitions of v, , and 7 4, see (1.3) and (1.5).

Proposition 4.8. T, is a dense subset of SO(N).

15
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Proof. By Proposition 4.1, T, is a subset of SO(N).

Let z € SO(N) and ¢ > 0. Denote 7' (z) by y. By Proposition 3.11, y € SO(N).
Using Proposition 4.6 find a function a € L*°([0,1]) such that ||y —71.4|lcc < &. Then
apply Lemma 4.7:

1z = malloe = 727 W) =T (Ma)lloo = 1727 (=110 oo < Y= Malloo <& O

We finish this section with an important observation. The results stated up to
this moment do not take into account the multiplicities of the eigenvalues. In this
connection we recall that for each bounded radial operator Ry on A%(B") with the
eigenvalue sequence A € (*°(N), the equality

Ryeq = Apeq

holds for all multi-indices o € N" satisfying |o| = p, and there are (":f;l) such
multi-indices.

As was mentioned, for each natural number n the C*-algebra generated by
Toeplitz operators on A%(B") with bounded radial symbols is isomorphic and iso-
metric to the C*-algebra of multiplication operators Ry on ¢2(N) whose eigenvalue
sequences belong to SO(N), and thus its C* structure does not depend on n. At the
same time these algebras, when n is varied, are quite different if we count multiplic-
ities of eigenvalues, that is when the operators forming the algebra are considered
by their action on the basis elements of the corresponding Hilbert space A%(B").

Let us consider in more detail sequences of eigenvalues with multiplicities. For-
mula for the rising sum of binomial coefficients states that

g(n;T1_1> _ <n—|—5—1>.

Now, for every j € N there exists a unique p in N such that

-1
<n+p >§j<<n+p>.
n n

Denote this p by 7,(j), and say that the index j is located on the p-st “level”.
Given a sequence A\ € (> define ®,(\) as the sequence obtained from A by
repeating each ), according to its multiplicity. That is,

("t’rl) elements
<I>n()\)::< M o M A A )
(o) Gr) GR) o G (" Y
times times times times times

Since the isometric homomorphism ®,, of />°(N) is injective, the C*-algebra gener-
ated by the set {®,(vna): a € L>[0,1]} coincides with @, (SO(N)), that is, with
the C*-algebra obtained from SO(N) by applying the mapping ®,,.

16



Note that for all p, ¢ with p < ¢ the following estimates hold:

1 1
lnﬁgln nta —1In ntp §nlni,
p+1 n n p+1

which implies that ®,,(SO(N)) coincides with the C*-algebra SOy¢pr(N), a subal-
gebra SO(N), which consists of all sequences having the same elements on each
“level”:

SO, epn(N) i= {u € SON): if m(j) = m(k), then pj = }

That is, the described above eigenvalue repetitions do not change in essence a slowly
oscillating behavior of sequences.

5 Example

In this section we construct a bounded sequence A = (Aj)jen such that A = v, 4
for a certain function a € L'([0,1],7dr) but A ¢ SO(N). This implies that the
corresponding radial Toeplitz operator is bounded, but it does not belong to the
C*-algebra generated by radial Toeplitz operators with bounded symbols.

Proposition 5.1. Define f: {z € C: R(z) >0} — C by

F(2) = zinexp (;Tln2(2+n)>, (5.1)

where In is the principal value of the natural logarithm (with imaginary part in
(—m,7]). Then there exists a unique function A € L*(Ry,e~*du) such that f is the
Laplace transform of A:

+oo
f(z) = /0 A(u)e " dz.

Proof. For every z € C with R(z) > 0 we can write In(z+n) as In |z+n|+iarg(z+n)
with —5 < arg(z+n) < 5. Then

£ (2)l

= P exp <3Z7T(ln|z+n| +iarg(z+n))2>'

_ 1 exn [ 2arg(z +n)
|z + n| 3m
1

|z + n|1+2ar7g3(§+”) '

ln]z—i—n\)

_ 2arg(z+n) 1

: 1
Since |z 4+n| > 1 and —3 < e <3,

FE) < —

T |z +nf?3

17



Therefore for every x > 0,

. dy dy
2d </ /
/R]f(:njtzy)l y < w2+ g2 < e (L +12)2/3 < +oo,

and f belongs to the Hardy class H? on the half-plane {z € C: R(z) > 0}. By
Paley—Wiener theorem (see, for example, Rudin [4, Theorem 19.2]), there exists a
function A € L?(0, +00) such that for all z > 0

“+o0o
flx) = ; A(u)e™ ™ du.

The uniqueness of A follows from the injective property of the Laplace transform.
Applying Holder’s inequality we easily see that A € L'(R, e~ % du):

+o0 +00 1/2 14|
/ |A(u)|e™ " du < || A||2 (/ e 2u du> =<, O
0 0 V2

Proposition 5.2. The sequence A = ()\;);en, where
Aj 1= exp (3; In?(j + n)) , (5.2)

belongs to £>°(N) \ SO(N). Moreover there exists a function a € L'([0,1],7dr) such
that A = v q-

Proof. Since |\;j| = 1 for all j € N, the sequence A is bounded. Let A be the function
from Proposition 5.1. Define a: [0, 1] — C by

a(r) = A(—21Inr).

1
/|a(r)|rdr—1/ Vo) dt = /yA—ln )l dt
0 2 Jo
1

+o0
= / |A(u)| e ™ du < +o0,
2.Jo

Then

and
1 . 1 '
nalg) =+ n)/ a(x/r)r T dr = (5 + n)/ A(—Inr)ritn=1 gy
0 0
+oo ]
G [ A e T = )G ) = A
Let us prove that A ¢ SO(N). For every j,k € N we have

IAj — M| =

exp <37T (In2(j + n) — In(k +n))> - 1‘ .

18



Replace j by the following function of k:

N k+mn
jk) ==k + Lnl/Q(kJrn)J .

Then

j(k) =k 1 < 1 )
= @
k+n  I'2(k+n) IRV

and

In(j(k) +n) = In(k +n) + In (1 n W)

1 1 1
—In(k +n) + - NIYGY —
( ) n'2(k +n) 2(k+n) <ln3/2(k + n))

Denote In?(j(k) +n) —In?(k +n) by Lj and consider the asymptotic behavior of Ly,
as k — oo:

Ly :=W(j(k) +n) = *(k +n) = ~1 +2n'?(k +n) + O <h1(k31+”)> '

Since Ly increases slowly for large k, for every K > 0 there exists an integer k£ > K
such that Lj + 1 is close enough to an integer multiple of 672, say to 6mn?:

Ly + 1~ 6mnr>.

exp (;T(Lk +1-— 6m7r2)> exp <_3171) — 1'
exp (—3;) — 1‘ #0.

It means that |)\j(k) — A\g| does not converge to 0 as k goes to infinity. On the other
hand,

For such k,

INjky — Ml =

~
~

: Jj(k)+1 (k+n)
k), k) =1 < 0.
PR K = I S D W 2 1)
It follows that A ¢ SO(N). O
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